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Abstract. The entanglement entropy of free fermions with a Fermi surface is known to obey a
logarithmic scaling and violate the area law in all dimensions. Here, we would like to see how
temperature affects the logarithmic scaling behavior. To this end, we compute the entanglement
negativity of free fermions using the fermionic partial transpose developed in our earlier paper [Phys.
Rev. B 95, 165101 (2017)]. In one dimension, we analytically derive the leading order term in the
finite-temperature entanglement negativity and show how the entanglement negativity indicates a
crossover from a quantum entangled state to a classical thermal state, where the entanglement is
completely lost. We explain how the one-dimensional result can be generalized to codimension-one
Fermi surface of arbitrary shape in higher dimensions. In both one and two dimensions, we check
that our analytical results agree with the numerical simulation of free fermions on a lattice.
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1. Introduction
An effective way to characterize quantum states of many-body systems is in terms of quantum
entanglement shared between two parts of the system. For a given pure state, e.g., the ground
state of a Hamiltonian, entanglement entropies (EEs) such as the von Neumann and the Re´nyi
entropies [1, 2] provide good quantitative measures of the bipartite entanglement. A notable
property of EEs is that the leading order term shows certain universal scaling behaviors as a
function of system size. In (1+1)d systems, it is well-known that EEs of gapped states assume
a boundary law [3], i.e., they saturate as the system is made larger, while EEs of critical (bosonic
or fermionic) states described by conformal field theories (CFTs) increase logarithmically with
system size [4, 5, 6, 7], i.e., S ∼ lnL where the coefficient is proportional to the central charge.
In contrast, in higher dimensions, most systems obey a boundary (area) law [8]. However, there
are important exceptions to the boundary law in higher dimensions: Namely, free fermions with a
Fermi surface [9, 10, 11, 12, 13, 14, 15, 16] and Fermi liquids [17, 18]. In the case of codimension-
one Fermi surfaces in d-dimensions, the entanglement entropies to the leading order scale as
S ∼ Ld−1 lnL.
Unlike pure states, entanglement entropies are not good measures of the ‘useful’ entanglement
in mixed states, e.g. finite temperature states of quantum systems or tripartite entanglement of
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a pure state. This should be expected since a generic mixed state contains both quantum and
classical correlations. The former can be used as a resource for quantum computation (i.e. , useful
entanglement), while the latter could be a result of local operations and classical communications
(LOCCs) and is not a resource for quantum computation. In the case of finite temperature density
matrices, the classical correlations are due to thermal fluctuations. At sufficiently high temperatures
thermal fluctuations put the system in an equal superposition of all quantum states, which is in
essence fully classical. Given this, it is important to distinguish between classical mixing and
quantum entanglement. However, it is well-known that the usual bipartite von Neumann or Re´nyi
entropies cannot exclusively capture the quantum entanglement. The (logarithmic) entanglement
negativity defined in terms of partial transpose of the density matrix is known as a good candidate
to detect the quantum entanglement of mixed states [19, 20, 21]. From the quantum information
perspective, positive partial transpose (PPT) is a necessary condition for the separability of density
matrices [22, 23, 24, 25, 26, 27, 28]. The effectiveness of entanglement negativity in the study of
finite-temperature systems has been already discussed [29, 30, 31]. A remarkable finding is that
the logarithmic negativity decays monotonically as the temperature is increased, which implies a
cross-over from a quantum entangled state to a classical mixed state.
Furthermore, entanglement negativity has been studied in various systems ranging from
Harmonic oscillator chains [32, 33, 34, 35, 36, 37], quantum spin chains [38, 39, 40, 41, 42,
43, 44, 45] and topologically ordered phases of matter in (2+1)d [46, 47, 48, 49] to holographic
models [50, 51, 52, 53, 54, 55, 56, 57] and other generic states [58, 59, 60, 61]. In the case
of (1+1)d CFTs, a systematic approach has been developed in terms of correlators of the twist
fields [62, 63, 64, 65], where a logarithmic dependence on subsystem size was observed similar to
the entanglement entropies. This approach was further extended to CFTs at finite temperatures [29].
In this paper, we study the entanglement negativity of free fermions with a Fermi surface. In
our earlier work [66], we have already shown that the zero-temperature entanglement negativity
of free fermions in (1+1)d shows a logarithmic violation of the area law. Here, we would like to
see the fate of this logarithmic term at finite temperatures and also ask how our result in (1+1)d is
generalized to higher dimensions. In general, we find that there are two temperature regimes: First,
a quantum regime at low temperatures when Lβ > L, where Lβ = ~vF/kBT is the length scale
associated with thermal fluctuations (and vF is the Fermi velocity) and L is the system size, and the
entanglement negativity remains almost unchanged and close to its value at the zero temperature.
Second, a classical regime when Lβ ∼ L and the entanglement negativity decays asymptotically to
zero. The latter regime is characterized by an area-law entanglement of the form Ld−1 lnLβ . This
behavior is a direct signature of quantum-to-classical crossover at finite temperatures. Compared
with the general (bosonic) CFT calculations [29] in (1+1)d where the negativity at low temperatures
L < Lβ was difficult to be derived, our analytical results cover both regimes of temperatures and
faithfully interpolate between them.
Regarding the method used to compute the entanglement negativity of fermions, we should
note that the partial transpose of fermionic density matrices (and hence the entanglement negativity)
involves some subtleties due to the Fermi statistics which causes fermion operators to anti-
commute. Here, we adopt a definition of fermionic partial transpose in terms of partial time-reversal
transformation [24, 67], which was introduced in our previous works [68, 66, 69]. There exists
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another definition of partial transpose for fermions based on the fermion-boson mapping (Jordan-
Wigner transformation) which was originally proposed in Ref. [70] and was also followed in other
studies [71, 72, 73, 74, 75, 76, 77]. A survey of differences between these two definitions can be
found in Refs. [66] and [78].
Let us briefly mention a few major differences between our definition and the other definition
of partial transpose (which we may refer to as the bosonic partial transpose since it is unitary
equivalent to the bosonic partial transpose). The bosonic partial transpose [70] does not respect
the tensor product structure of fermionic density matrices in fermion-number parity conserving
systems and hence the associated entanglement negativity does not satisfy the (sub-)additivity
property. Furthermore, there exist fermionic density matrices which are inseparable [79, 80, 81]
such as in the Kitaev Majorana chain, while the bosonic partial transpose gives a zero negativity.
From practical standpoint, the bosonic partial transpose leads to an unexpected complication that
a partially transposed Gaussian state is not necessarily a Gaussian state anymore. This makes the
process of finding entanglement negativity very difficult even for simple non-interacting fermionic
systems. In Refs. [66] and [78], we have shown that these issues do not carry over to our definition
of partial transpose.
The rest of the paper is organized as follows: In Sec. 2 we provide some basic definitions
and briefly review the fermionic partial transpose. In Sec. 3, we use the spacetime picture to
derive the entanglement negativity of free fermions in (1+1)d. As a warm-up, we start this section
by explaining how a similar calculation is done for more familiar quantities such as the Re´nyi
entropies. We also check the agreement between analytical results and numerical simulation of
lattice fermions. We further discuss the generalization of (1+1)d results to higher dimensions in
Sec. 4 and benchmark our formulas in the case of free fermions in (2+1)d on a square lattice. We
give our concluding remarks and future directions in Sec. 5. In addition, some details of analytical
derivations and numerical calculations are provided in four appendices.
2. Background and general remarks
In this section, we briefly review the definition of partial transpose for fermionic density
matrices [66]. Before we explain the fermionic systems, let us begin our discussion by recapitulating
the definition of the partial transpose and the corresponding entanglement measure for bosonic
systems. Consider two subsystems A1 and A2, where the overall Hilbert space is a tensor product
H = H1 ⊗H2. Let
ρ =
∑
ijkl
〈e1i , e2j |ρ|e1k, e2l 〉 |e1i , e2j〉 〈e1k, e2l | , (1)
be the density matrix expanded in an orthonormal basis |e1i , e2j〉 ofH, where |e1i 〉 and |e2j〉 span the
H1 and H2 Hilbert spaces, respectively. The partial transpose with respect to the subsystem A1 is
defined by exchanging the matrix elements in that subsystem,
ρT1 :=
∑
ijkl
〈e1k, e2j |ρ|e1i , e2l 〉 |e1i , e2j〉 〈e1k, e2l | . (2)
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Equivalently, the partial transpose acting on a basis operator amounts to( |e1i , e2j〉 〈e1k, e2l | )T1 := |e1k, e2j〉 〈e1i , e2l | . (3)
We should note that the action of the partial transpose in the above definition follows directly
from the usual matrix transposition and this is a mathematically meaningful operation on bosonic
density matrices associated with finite-dimensional Hilbert spaces, because their Hilbert space
admit a tensor product structure where the operator algebra is isomorphic to finite-dimensional
Weyl algebra with positive characteristic (i.e., matrix algebra). For the time-being, let us recall that
this is not the case for fermionic systems, since ordering of the operators (or states) matters due to
the anti-commuting property of fermion operators (Clifford algebra).
The logarithmic negativity is then defined by
E := ln Tr |ρT1|, (4)
where Tr |O| := Tr
√
O†O means the sum of the square roots of the eigenvalues of the product
operator O†O, or in short, the trace norm of the operator O. If O is Hermitian, the trace norm will
be simplified into the absolute value of the eigenvalues of O.
Before delving into the fermionic systems, let us explain the path-integral formulation [62, 63]
of the moments of the partially transposed density matrices Tr[(ρT1)n] in bosonic systems. This
formulation has been a particularly important milestone in generalizing the entanglement negativity
to the extended systems such as spin chains and harmonic oscillator chains. Moreover, the spacetime
picture provides more intuition behind the entanglement negativity which can then be compared to
other measures of entanglement such as the Re´nyi entropies (Fig. 1(a)). According to the spacetime
picture shown in Fig. 1(b), the connectivity between consecutive sheets (which represent density
matrices) is reversed for the transposed intervals. This idea has made it possible to represent both
direct and transposed intervals by a set of twist operators. From this, one can eventually write
the moments of the partial transpose in terms of few-point correlation functions of twist operators.
The path-integral formulation has initiated several efforts in calculating the logarithmic negativity
for various models including CFTs [62, 63], massive quantum field theories [82] as well as finite-
temperature [29] and out-of-equilibrium situations [83, 84, 85].
To emphasize the importance of ordering in the fermionic density matrices, let us consider the
“normal-ordered” occupation number basis as
|{nj}j∈A1 , {nj}j∈A2〉 = (f †m1)nm1 · · · (f †m`1 )
nm`1 · · · (f †m′`2 )
nm′
`2 |0〉 (5)
where nj’s are occupation numbers for the subsystems A1 and A2, which contain `1 and `2 sites,
respectively. Normal-ordering in this representation means that the fermionic degrees of freedom
inside each subsystem are clustered together.
As in Refs. [66, 69], our guiding principle to define the analog of partial transpose for fermionic
systems is the path-integral formulation which introduces a way to realize the partition function
of fermions on the spacetime manifold depicted in Fig. 1(b). The reversed connectivity of the
first intervals in the successive sheets can be viewed as reversing the time coordinate for the first
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(a) Rényi (b) Negativity
(c)
i   
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Figure 1: Spacetime manifolds of (a) moments of the density matrix (Re´nyi entanglement entropy)
and (b) moments of the partially transposed density matrix (Re´nyi negativity). (c) A fundamental cycle
of the spacetime manifold which is formed by traveling from one sheet to the next via the two intervals.
An example path is shown in (b).
intervals, hence it is called partial time-reversal transformation. In the occupation number basis,
the transformation rule for the partial transpose is given by
(|{nj}A1 , {nj}A2〉 〈{n¯j}A1 , {n¯j}A2|)T1 = (−1)φ({nj},{n¯j}) |{n¯j}A1 , {nj}A2〉 〈{nj}A1 , {n¯j}A2| ,
(6)
where the phase factor is
φ({nj}, {n¯j}) =[(τ1 + τ¯1) mod 2]
2
+ (τ1 + τ¯1)(τ2 + τ¯2) (7)
in which τs =
∑
j∈As nj and τ¯s =
∑
j∈As n¯j , are the number of occupied states in the As interval
and s = 1, 2. The fermionic partial transpose can also be motivated [69] based on a consistent
definition of full transpose in the Clifford algebra where we consider a Majorana representation of
the operator algebra and make use of the fact that actual Fermi systems in nature always preserve
the fermion-number parity as a global symmetry [86].
It is worth mentioning the difference between the fermionic partial transpose and the bosonic
partial transpose [70] in the spacetime path integral formalism. The fermionic definition leads to
a partition function, where the boundary conditions for fundamental cycles (Fig. 1(c)) are fixed,
i.e. , there is only one spin structure. In contrast, the bosonic definition gives a sum of partition
functions with all possible boundary conditions for cycles of type Fig. 1(c), i.e. , it is a sum over
all possible spin structures [72, 73]. Note that this boundary condition is independent of the global
boundary conditions on each spacetime torus (see Eq. (25)).
3. Free fermions in one dimension
In this section, we present our results for the finite-temperature logarithmic negativity of free
fermions in (1+1)d. The Hamiltonian is given by a one dimensional lattice with nearest neighbor
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(a) (b) (c)
Figure 2: Various ways of partitioning the 1D system. Bipartite geometry: (a) One interval in the
infinite line and (b) one interval in the semi-infinite line (open boundary condition is assumed). (c)
Tripartite geometry. In all cases, the density matrix ρ corresponds to the union of the colored regions,
and the partial transpose is applied to the orange region.
hopping,
Hˆ = −
∑
i
[t(f †i+1fi + H.c.) + µf
†
i fi] (8)
which describes a one-dimensional metal, where the Fermi surface consists of two points. The low
energy theory of this model is the massless Dirac fermions in (1+1)d. We discuss the entanglement
due to three different ways of partitioning the system. Two bipartite geometries, (1) an interval of
length ` embedded inside an infinite chain (Fig. 2(a)), or (2) a semi-infinite chain (Fig. 2(b)), and
(3) a tripartite geometry with two adjacent intervals `1 and `2 (Fig. 2(c)).
In Ref. [29], the logarithmic negativity of a CFT of central charge c was calculated at a finite
temperature, when T > 1/L or equivalently L→∞. It was found that the entanglement negativity
of an infinite chain (Fig. 2(a)) is given by
E(T ) = c
2
ln
[
β
pia
sinh
(
pi`
β
)]
− pic`
2β
+ f(e−2pi`/β) + 2 ln c1/2, (9)
and that of a semi-infinite chain (Fig. 2(b)) obeys the form
E(T ) = c
4
ln
[
β
pia
sinh
(
2pi`
β
)]
− pic`
2β
+ fbdy(e
−4pi`/β) + 2 ln c˜1/2, (10)
where β = 1/T is the inverse temperature and a is the lattice constant. In the first expression,
f(x) = limne→1 ln[Fne(x)] is a universal function which depends on the full operator content of
the model and Fn(x) comes from the four-point function of the twist operators. In the second
expression, fbdy(x) = limne→1 ln[Bne(x)] is the universal scaling function with a boundary, which
generically depends also on the boundary state of the CFT and it cannot be simply obtained from
Fn in the bulk. We should notice the important difference between the above formulas where the
dependence is sinh(2pi`/β) for the semi-infinite line case instead of sinh(pi`/β) for the case of
infinite line (9).
In what follows, we provide a rather self-contained derivation of the logarithmic negativity
associated with the fermionic partial transpose when both temperature T and the system size L are
finite. To this end, we first review Casini’s approach [87] to derive the leading order term for the
Re´nyi entropy of massless Dirac fermions in (1+1) dimension [88, 89, 90, 91] and then apply it to
compute the logarithmic negativity of the same system. We obtain analogous results to Eqs. (9)
and (10) for the fermionic negativity in the L→∞ limit and finite T . Later on in this section, we
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compare the analytical results with the numerical calculation on a lattice and show that they are in
agreement.
3.1. Review of Re´nyi entanglement entropy
In this part, we explain how to calculate the Re´nyi entropy of massless Dirac fermions at finite
temperature following Ref. [91]. The Re´nyi entanglement entropy of a reduced density matrix ρ is
defined by
Sn =
1
1− n ln Tr[ρ
n]. (11)
Using the replica approach, the above expression can be viewed in terms of n replicas
Ψ = (ψ1, · · · , ψn)T, (12)
where ψi and ψi+1 fields are identified along the interval Ii which connects the i-th sheet to the
(i + 1)-th sheet. Each interval Ii can be represented by its two endpoints ui and vi. Alternatively,
one can consider multi-valued field Ψ on a single-sheet spacetime. This way, when we traverse a
circuit around ui or vi (denoted as Cui and Cvi in Fig. 3) the field transforms as
ψ˜i = Tijψj (13)
where the twist matrix is given by
Tij = −δi+1,j (14)
with boundary condition n + 1 ≡ 1 and Tn1 = 1. For noninteracting fermions with conserved
particle number, we can diagonalize the twist matrix T in Eq. (14) and rewrite the Re´nyi entropy
in terms of n-decoupled copies,
Sn =
1
1− n
n−1
2∑
k=−n−1
2
lnZk (15)
where Zk is the partition function in the presence of a finite branch cut (interval) such that the
phase of the fermion field is twisted as a result of passing through the interval, i.e., ψk → ei2pi knψk
(see Fig. 3 (a)). The phase twist factors ei2pi kn associated with Zk for k = −n−12 , · · · , n−12 are the
eigenvalues of the twist matrix. The k-mode decomposition in the replica space is generic and can
be applied to interacting fermions. In the case of free fermions, we obtain n-decoupled theories
which can be easily handled then. However, in the case of interacting fermions the four-fermion (or
higher order interactions) will lead to coupling between different k-modes. Hence, it is not a priori
clear whether this procedure is beneficial for interacting systems.
Following Casini et. al [87], we note that the partition function in the presence of phase twisting
intervals can be formulated as a theory subject to an external gauge field. The external gauge field
Finite-temperature entanglement negativity of free fermions 9
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(a) ,-,.
Figure 3: The twist-field picture of (a) Re´nyi entanglement entropy and (b) Re´nyi negativity, where
intervals are viewed as branch cuts.
is a pure gauge everywhere, except at the points ui and vi where it is vortex-like. The idea is to get
rid of the phase twists by performing a singular gauge transformation
ψk(x)→ ei
∫ x
x0
dx
′µAkµ(x
′
)
ψk (x) , (16)
where x0 is an arbitrary reference point. The new field is now single-valued everywhere. Hence,
we can absorb the boundary conditions for Cvi and Cui circuits into an external gauge field and the
resulting Lagrangian density reads
Lk = ψ¯kγµ
(
∂µ + i A
k
µ
)
ψk. (17)
From the boundary conditions on ψk defined over the spacetime, the gauge fields are constrained
as in ∮
Cui
dxµAkµ(x) =−
2pik
n
, (18)∮
Cvi
dxµAkµ(x) =
2pik
n
. (19)
One subtlety in this approach is that we can add phase shifts of 2pim, with m an integer, to the
right hand side of the above expressions and yet it does not change the total phase factor along the
circuits. It turns out that this ambiguity in general leads to different representations of the partition
function Zk [92, 93, 94, 95]. Hence, Zk can be written as a summation over all representations.
The asymptotic behavior of each term in the thermodynamic limit (large (sub-)system size) is a
power law `−αm and the leading order term corresponds to the smallest exponent. For instance,
the leading order term in the Re´nyi entropy of the ground state is given by the m = 0 term. See
Appendix Appendix A for more discussion on this. As we will see in the case of entanglement
negativity, we need to consider m 6= 0 for some values of k.
The magnetic flux of the gauge fields satisfying Eqs. (18) and (19) is given by
µν∂νA
k
µ(x) = 2pi
k
n
p∑
i=1
[
δ(x− ui)− δ(x− vi)
]
. (20)
The above formula is for p intervals and as we see each interval is represented by a vortex-antivortex
pair of strength 2pi k
n
. The goal here is to compute the partition function as thermal expectation value
in the free Dirac theory
Zk =
〈
ei
∫
Akµj
µ
k d
2x
〉
, (21)
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where jµk = ψ¯kγµψk is the Dirac current and Akµ satisfies (20).
In order to evaluate (21), we use the bosonization technique to express the current jµk as
jµk →
1
2pi
µν∂νφk , (22)
where φk is a real scalar field. For a free massless Dirac field, the theory for the dual field φk is
simply
Lφ = 1
8pi
∂µφ∂
µφ . (23)
Therefore we have to evaluate
Zk =
〈
ei
∫
Akµ
1
2pi
µν∂νφd2x
〉
=
〈
p∏
i=1
Vk(ui)V−k(vi)
〉
(24)
where Vk(x) = e−i
k
n
φ(x) is the vertex operator and the expectation values correspond to the scalar-
field theory (23). Hence, the finite-temperature partition function of a Dirac fermion can be
described by a compactified boson with radius R = 2 (Here, the self-dual radius is R =
√
2).
We consider the spacetime torus by identifying z ∼ z + 1 and z ∼ z + τ where τ = iβ/L
is the dimensionless inverse temperature. The fermionic theory is specified by the two boundary
conditions along the two cycles of the spacetime torus
ψk(z + 1) = e
ipiν1ψk(z), ψk(z + τ) = e
ipiν2ψk(z), (25)
where νi = 0 or 1. We denote the four possible boundary conditions (spin structures) by
ν ≡ {ν1ν2} = {00, 01, 11, 10} ≡ {1, 2, 3, 4} cases, respectively. We should remind the reader that
these boundary conditions are independent of the boundary conditions across the inter-spacetime
cycles shown in Fig. 1(c), which are fixed to be periodic. The correlation function of the vertex
operators on the torus in sector ν is found by [96]
〈Ve1(z1, z¯1) · · ·VeN (zN , z¯N)〉 =
∏
i<j
∣∣∣∣ ∂zϑ1(0|τ)ϑ1(zj − zi|τ)
∣∣∣∣−2eiej ∣∣∣∣ϑν(∑i eizi|τ)ϑν(0|τ)
∣∣∣∣2 (26)
in terms of the Jacobi theta functions for R = 2 where Ve(z, z¯) = eieφ(z,z¯) is the vertex operator.
Hence, we can write for the partition function in sector ν
Z
(ν)
k =
∣∣∣∣∣
∏
i<j ϑ1(ui − uj|τ)ϑ1(vi − vj|τ)∏
i,j ϑ1(ui − vj|τ)
· (∂zϑ1(0|τ))p
∣∣∣∣∣
2 k
2
n2
·
∣∣∣∣∣ϑν( kn
∑
i(ui − vi)|τ)
ϑν(0|τ)
∣∣∣∣∣
2
, (27)
where the partition function is normalized such that Z(ν)k = 1 in the absence of any branch points.
The dimensionless quantity  = a/L is introduced as a UV-cutoff to resolve the coincident points
since the theta function behaves as ϑ1(z|τ) ∼ z when z → 0. As a result, the Re´nyi entropy reads
S(ν)n = Sn,0 + S
(ν)
n,1 (28)
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where the first term is universal
Sn,0 =− n+ 1
6n
ln
∣∣∣∏i<j ϑ1(ui − uj|τ)ϑ1(vi − vj|τ)∏
i,j ϑ1(ui − vj|τ)
(∂zϑ1(0|τ))p
∣∣∣, (29)
and the second term depends on the spin structure ν,
S
(ν)
n,1 =
2
1− n
n−1
2∑
k=−n−1
2
ln
∣∣∣∣∣ϑν( kn
∑
i(ui − vi)|τ)
ϑν(0|τ)
∣∣∣∣∣ . (30)
We should note that the Re´nyi entropies in the ν = 1 sector are divergent, since ϑ1(0|τ) in the
denominator of S(ν)n,1 is zero. This is related to the fermion zero mode in this sector.
Let us now look at various limits of the above result. For simplicity, we shall consider a single
interval and the sector ν = 3 which is the usual anti-periodic boundary condition in both space and
time directions.
In the low temperature limit τ = iβ/L→ i∞, we have
Sn,0 =
n+ 1
6n
ln
∣∣∣∣ Lpia sin(pi`L )
∣∣∣∣+O(e−2pi/(LT )), (31)
where we use the relation
lim
β→∞
ϑ1(z|iβ) = 2e−piβ/4 sin piz +O(e−2piβ). (32)
The second term S(ν)n,1 is vanishing and we arrive at the usual expression for the ground state of CFT.
In the high temperature limit where τ = iβ/L→ 0, we obtain
Sn,0 =
n+ 1
6n
[
−pi`
β
`
L
+ ln
∣∣∣∣ βpia sinh(pi`β )
∣∣∣∣]+O(e−piLT ), (33)
for the universal part and
S
(3)
n,1 =
(1 + n)
6n
pi`2
βL
− 2
1− n
∞∑
j=1
(−1)j
j
1
sinh(pij
β
)
(
sinh(pij`
β
)
sinh(pij`
nβ
)
− n
)
(34)
for the second part (similar results can be derived for other sectors). We should note that the first
terms in (33) and (34) precisely cancel each other. Here, we use the modular transformation rules
for the theta functions,
ϑ1(z|τ) = −(−iτ)−1/2e−piiz2/τϑ1(z/τ |−1/τ), (35)
and the asymptotic form of the theta function in the small β limit
ϑ1(z/τ |−1/τ) = −2i e−
piL
4β sinh(
pizL
β
) +O(e
3piL
β
(z−3/4)), (36)
for 0 ≤ z ≤ 1/2.
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3.2. Moments of the partial transpose
Let us recall the definitions of the moments of partial transpose for any integer powers as follows
En :=
{
ln Tr(ρT1ρT1† · · · ρT1ρT1†) n even,
ln Tr(ρT1ρT1† · · · ρT1) n odd. (37)
The consecutive presence of ρT1† and ρT1 leads to periodic boundary condition along the non-
contractible loop between the consecutive replicas i and i + 1. The zero temperature limit of the
above quantity for even n was previously studied in Ref. [76]. In order to compute the moments,
we need to consider two intervals with different twist matrices T and TR. The new twist matrix TR
introduced for the transposed (time reversed) interval is given by
TRij = δi,j+1 , (38)
with the boundary condition TR1n = (−1)n−1. Note that the overall boundary condition due to
the twist matrices is identical T n = (TR)n = (−1)n−1. Fortunately, these two matrices are
simultaneously diagonalizable and we can carry out a similar procedure as before by decomposing
it into n decoupled copies where the phase twists are different for the two intervals. We may write
En =
(n−1)/2∑
k=−(n−1)/2
lnZR,k (39)
where ZR,k is the partition function containing two intervals with the twist phases ei2pi(
k
n
−ϕn) and
e−i2pi
k
n where ϕn = pi or pi(n−1n ) for n even or odd, respectively. In the following parts, we compute
the entanglement negativity for various geometries as shown in Fig. 2.
3.2.1. Tripartite geometry Here, we consider two adjacent intervals partitioned from a long chain
(see Fig. 2(c)). Hence, the gauge field appearing in (17) for such configuration is given by
1
2pi
µν∂νA
k
µ(x) =
(
k
n
− ϕn
2pi
)
δ(x− u1)−
(
2k
n
− ϕn
2pi
)
δ(x− v1) + k
n
δ(x− v2) (40)
where we place the branch points at u1 = −r1, v1 = u2 = 0, and v2 = r2. Similar to the previous
derivation, we find
Z
(ν)
R,k = |ϑ1(r1|τ)|−2(|
k
n
|−ϕn
2pi
)(| 2k
n
|−ϕn
2pi
) · |ϑ1(r2|τ)|−2|
k
n
|(| 2k
n
|−ϕn
2pi
) |ϑ1(r1 + r2|τ)|2|
k
n
|(| k
n
|−ϕn
2pi
)
× |∂zϑ1(0|τ)|−∆k ·
∣∣∣∣∣ϑν
(
k
n
(r2 − r1) + sgn(k)ϕn2pi r1|τ
)
ϑν(0|τ)
∣∣∣∣∣
2
, (41)
where
∆k = −6k
2
n2
+
3ϕn
2pi
∣∣∣∣kn
∣∣∣∣− ϕ2n2pi2 . (42)
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It is important to note that for k < 0, we modified the flux at u1 and v1 by inserting an additional
2pi and −2pi fluxes, respectively, where the scaling exponent αm takes its minimum value (refer
to Appendix A). One can also see this independently in a separate derivation in terms of the Toepltiz
matrix [66]. Putting together, the moments of negativity are given by En = En,0 + En,1 where the
universal part is
Eno,0 =−
(
n2o − 1
12no
)
ln
∣∣∣ϑ1(r1|τ)ϑ1(r2|τ)ϑ1(r1 + r2|τ) · (∂zϑ1(0|τ))−3∣∣∣, (43)
Ene,0 =−
(
n2e − 4
12ne
)
ln
∣∣∣ϑ1(r1|τ)ϑ1(r2|τ)(∂zϑ1(0|τ))−2∣∣∣
−
(
n2e + 2
12ne
)
ln
∣∣∣ϑ1(r1 + r2|τ)(∂zϑ1(0|τ))−1∣∣∣, (44)
for n odd or even and the spin structure dependent term is
E (ν)n,1 = 2
n−1
2∑
k=−n−1
2
ln
∣∣∣∣∣ϑν
(
k
n
(r2 − r1) + sgn(k)ϕn2pi r1|τ
)
ϑν(0|τ)
∣∣∣∣∣ . (45)
In the above expressions, ri = `i/L are the dimensionless lengths. Hence, the logarithmic
negativity is given by E (ν) = E0 + E (ν)1 where
E0 = lim
ne→1
Ene,0 =
1
4
ln
∣∣∣∣ϑ1(r1|τ)ϑ1(r2|τ)ϑ1(r1 + r2|τ) (∂zϑ1(0|τ))−1
∣∣∣∣ (46)
is the universal part. There is no closed-form expression for the non-universal part E (ν)1 =
limne→1 E (ν)ne,1 in a generic case other than when `1 = `2. In the case of intervals with equal lengths
the negativity is simplified into
E (ν) = 1
4
ln
∣∣∣∣ϑ1(r|τ)2ϑ1(2r|τ)(∂zϑ1(0|τ))−1
∣∣∣∣+ 2 ln ∣∣∣∣ϑν( r2 |τ)ϑν(0|τ)
∣∣∣∣ . (47)
where r = `/L.
Let us now examine the limiting behaviors. In the low temperature limit where τ = iβ/L →
∞, we get
E0 = 1
4
ln
∣∣∣∣∣ Lpia sin(pi`1L ) sin(pi`2L )sin(pi(`1+`2)
L
)
∣∣∣∣∣+O(e−2pi/(LT )), (48)
while in the high temperature limit where τ = iβ/L→ 0, we obtain
E0 = 1
4
[
2pi`1`2
βL
+ ln
∣∣∣∣∣ βpia sinh(
pi`1
β
) sinh(pi`2
β
)
sinh(pi(`1+`2)
β
)
∣∣∣∣∣
]
+O(e−piLT ). (49)
As we will see below, the the first term in the above expression is cancelled by the contribution
from E1. In the following, we evaluate the spin structure dependent term (45) for the ν = 3 sector
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and even n = ne. Similar expressions can be derived for other sectors. So, the low temperature
limit of (45) is found by
E (3)ne,1 = 2
∞∑
j=1
(−1)j+1
j sinh(piβj)
(
sin(pijr2)− sin(pijr1)
sin (pij(r2 − r1)/ne) − ne
)
. (50)
To the leading order, the above expression contributes to the negativity as
E (3)1 = lim
ne→1
E (3)ne,1 = 4e−pi/(LT )
(
cos(pi(r2 + r1)/2)
cos(pi(r2 − r1)/2) − 1
)
. (51)
This is reminiscent of the universal thermal corrections found for the Re´nyi entropies [91]. The
high temperature limit is determined by
E (3)ne,1 =−
pi
2βL
[(
n2e − 1
3ne
)
(`2 − `1)2 + ne`1(`2 − `1) + ne`21
]
− 2
∞∑
j=1
(−1)j
j
1
sinh(pij
β
)
sinh
[
(ϕne`1 + pi(`2 − `1)) jβ
]
− sinh(ϕne`1j/β)
sinh
(
pi(`2−`1)j
neβ
) − ne

(52)
and hence, we get
E (3)1 = −
pi`1`2
2βL
. (53)
To sum up, we have shown that the logarithmic negativity of two adjacent intervals are given by
E(LT  1) = 1
4
ln
∣∣∣∣∣ Lpia sin(pi`1L ) sin(pi`2L )sin(pi(`1+`2)
L
)
∣∣∣∣∣+O(e−2pi/(LT )), (54)
E(LT  1) = 1
4
ln
∣∣∣∣∣ βpia sinh(
pi`1
β
) sinh(pi`2
β
)
sinh(pi(`1+`2)
β
)
∣∣∣∣∣+O(e−piLT ), (55)
in the low and high temperature regimes, which is identical to the bosonic results obtained for
Harmonic chains [30]. The logarithmic negativity of two adjacent intervals with equal lengths is
simplified further into
E = 1
4
ln
[
β
pia
tanh
(
pi`
β
)]
+O(e−piLT ). (56)
We should note that unlike the bipartite case in Eqs. (9) and (10), there is no f(x) term in the
tripartite case. In the language of Ref. [29], this is because we sew together only parts of spacetime
sheets and taking higher powers of twist fields T and TR does not create a new manifold.
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Figure 4: The bipartite geometry (right) of a single interval on a chain of lengthLwhich can be derived
from the limit `2 → L− `1 of the tripartite geometry (left).
3.2.2. Bipartite geometry In order to evaluate the bipartite negativity of a single interval
(Fig. 2(a)), we start by considering a tripartite geometry where an interval of length `1 is
symmetrically embedded inside another interval of length `2 shown in Fig. 4(left). Eventually,
we take the limit `2 → L − `1 in our calculations, where L is the total length of the chain (see
Fig. 4).
The tripartite configuration (Fig. 4(left)) implies four branch points at u1 = −r2/2, v1 =
0, u2 = r1, and v2 = r2/2 + r1 such that the gauge field in (17) must obey
1
2pi
µν∂νA
k
µ(x) =
(
2k
n
− ϕn
2pi
)
(δ(x− v1)− δ(x− u2)) + k
n
(δ(x− v2)− δ(x− u1)). (57)
Therefore, we can find k-th term in the moments of partial transpose as
Z
(ν)
R,k = |ϑ1(r1|τ)|−2(|
2k
n
|−ϕn
2pi
)2
∣∣∣∣ ϑ1( r22 |τ)ϑ1( r22 + r1|τ)
∣∣∣∣−4| kn |(| 2kn |−
ϕn
2pi
)
· |ϑ1(r1 + r2|τ)|−2
k2
n2
× |∂zϑ1(0|τ)|−∆k ·
∣∣∣∣∣ϑν
(
k
n
(r2 − r1) + sgn(k)ϕn2pi r1|τ
)
ϑν(0|τ)
∣∣∣∣∣
2
, (58)
where ∆k is
∆k = −10k
2
n2
+
8ϕn
2pi
∣∣∣∣kn
∣∣∣∣− ϕ2n2pi2 . (59)
This leads to
Eno,0 =−
(
n2o − 1
6no
)
ln
∣∣∣ϑ1(r1|τ)ϑ1( r22 |τ)ϑ1(r1 + r2|τ)
ϑ1(
r2
2
+ r1|τ) (∂zϑ1(0|τ))
−2
∣∣∣, (60)
Ene,0 =−
(
n2e − 4
6ne
)
ln
∣∣∣ϑ1(r1|τ)ϑ1( r22 |τ)
ϑ1(
r2
2
+ r1|τ) (∂zϑ1(0|τ))
−1
∣∣∣
−
(
n2e − 1
6ne
)
ln
∣∣∣ϑ1(r1 + r2|τ)(∂zϑ1(0|τ))−1∣∣∣, (61)
for the universal part and
E (ν)n,1 = 2
n−1
2∑
k=−n−1
2
ln
∣∣∣∣∣ϑν
(
k
n
(r2 − r1) + sgn(k)ϕn2pi r1|τ
)
ϑν(0|τ)
∣∣∣∣∣ , (62)
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for the spin structure dependent term. Taking the replica limit, the universal part of the logarithmic
negativity reads
E0 = 1
2
ln
∣∣∣ϑ1(r1|τ)ϑ1( r22 |τ)
ϑ1(
r2
2
+ r1|τ) (∂zϑ1(0|τ))
−1
∣∣∣. (63)
As mentioned earlier, for the bipartite geometry (Fig. 2(a)), we need to take r2 = 1 − r1, which
gives
E0 = 1
2
ln
∣∣∣∣ϑ1(r1|τ)ϑ1(1−r12 |τ)ϑ1(1+r12 |τ) (∂zϑ1(0|τ))−1
∣∣∣∣
=
1
2
ln
∣∣∣∣ ϑ1(r1|τ)∂zϑ1(0|τ)
∣∣∣∣ , (64)
where in the second line, we use the properties of theta functions to further simplify the original
expression. The low temperature limit of the second term is
E (3)1 = lim
ne→1
E (3)ne,1 = 4e−pi/(LT )
(
cos(pi(r2 + r1)/2)
cos(pi(r2 − r1)/2) − 1
)
. (65)
Let us now derive the high temperature expansion of the bipartite entanglement negativity.
Similar to the previous section, the universal part can be simplified into
E0 = 1
2
[
−pi`
2
1
βL
+ ln
∣∣∣∣ βpiasinh(pi`1β )
∣∣∣∣]+O(e−piLT ). (66)
The second term in the ν = (3) sector can be evaluated as follows
E (3)ne,1 =−
pi
2βL
[(
n2e − 1
3ne
)
(L− 2`1)2 + ne`1(L− 2`1) + ne`21
]
− 2
∞∑
j=1
(−1)j
j
1
sinh(pij
β
)
sinh
[
(ϕne`1 + pi(L− 2`1)) jβ
]
− sinh(ϕne`1j/β)
sinh
(
pi(L−2`1)j
neβ
) − ne

(67)
which simplifies into
E (3)1 =
pi`1
2βL
(`1 − L) +O(e−piLT ). (68)
Therefore, we find that
E(LT  1) = 1
2
[
ln
∣∣∣∣ βpia sinh(pi`1β )
∣∣∣∣− pi`1β
]
+O(e−piLT ), (69)
which agrees with Eq. (9) derived in Ref. [29]. We also observe that f(e−2pi`/β) = 0 in Eq. (9)
for free fermions, since any correction to the leading order is at least of order e−piLT which is
exponentially small in the total system size and vanishes in the thermodynamic limit L/β → ∞.
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This is expected since the four-point function of free fermions is simple and can be reduced into a
product of two-point functions.
From the above result (64), we can find the negativity of the semi-infinite geometry by noting
that the semi-infinite geometry (Fig. 2(b)) can be obtained from the infinite geometry (Fig. 2(a)) by
cutting the `1 interval in half; therefore, the entanglement of each cut is equal to half of the value in
Eq. (64). This gives the entanglement of a finite interval with length `1/2 to a semi-infinite interval.
Hence, the entanglement negativity of a finite interval with length `1 to an adjacent semi-infinite
interval becomes
E0 = 1
4
ln
∣∣∣∣ ϑ1(2r1|τ)∂zϑ1(0|τ)
∣∣∣∣ , (70)
the high temperature limit of which is given by
E(LT  1) = 1
4
[
ln
∣∣∣∣ βpia sinh(2pi`1β )
∣∣∣∣− 2pi`1β
]
+O(e−piLT ). (71)
This is also in agreement with the bosonic results (10) of Ref. [29].
3.3. Numerical Results
In this part, we numerically calculate the logarithmic negativity associated with the partial transpose
(6) for free fermions on a lattice and compare it with the analytical results derived above.
Let us first sketch the steps of numerically computing the partial transpose and entanglement
negativity for non-interacting systems. The following procedure works efficiently for any quadratic
Hamiltonian of the form Hˆ =
∑
i,j tijf
†
i fj + H.c. which spans a variety of non-interacting models
with a conserved total particle number. A more general procedure which does not require particle
number conservation is discussed in Ref. [66] and is briefly reviewed in Appendix B. The reduced
density matrix can be completely characterized by the single particle correlation function [97]
Cij = 〈f †i fj〉 = tr(ρf †i fj), (72)
for the ground state ρ = |GS〉 〈GS| or a thermal ensemble described by the density matrix
ρ = e−βHˆ . For a thermal state, the single-particle correlator reads
Cij =
∑
n
f(n) u
∗
n(i) · un(j), (73)
where |un〉 are single particle eigenstatesH |un〉 = n |un〉, un(j) = 〈j|un〉 is the value of the wave
function at site j, and f(x) = (1 + exp(n/T ))−1 is the Fermi-Dirac distribution. For the ground
state, the Fermi-Dirac distribution at zero temperature automatically enforces the summation to be
over the occupied states.
Let Γ = I − 2C be the covariance matrix and consider a density matrix ρ on the system
A = A1 ∪ A2 with a covariance matrix
Γ =
(
Γ11 Γ12
Γ21 Γ22
)
, (74)
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Figure 5: The logarithmic negativity of the tripartite geometry for two adjacent intervals with equal
length ` on the free fermion lattice model (8). The negativity as a function of (a) interval length and (b)
temperature. The solid lines are analytical results (47). The inset of panel (a) shows the linear behavior
when E is plotted against x = ln
[
β
pi tanh
(
pi`
β
)]
. The dashed line in the inset is a reference line with
the slope of c/4 = 1/4. We set L = 200.
where Γ11 and Γ22 denote the reduced covariance matrices of subsystems A1 and A2, respectively;
while Γ12 and Γ21 contain the expectation values of mixed quadratic terms. We define the
transformed matrices as
Γ± =
(
−Γ11 ±iΓ12
±iΓ21 Γ22
)
, (75)
corresponding to partial transpose of the density matrix with respect to A1. Using algebra of a
product of Gaussian operators [77], the new single particle correlation function associated with the
normalized composite density operator Ξ = ρT1ρT1†/ZΞ can be found by
CΞ =
1
2
[
I− (I+ Γ+Γ−)−1(Γ+ + Γ−)
]
, (76)
where the normalization factor is ZΞ = tr(Ξ) = tr(ρ2). The entanglement negativity is then
obtained by [77]
E = tr(
√
ρT1ρT1†) = ln
[
Z1/2Ξ tr(Ξ1/2)
]
= ln tr(Ξ1/2) +
1
2
ln tr(ρ2). (77)
In terms of eigenvalues of correlation matrices, we can write
E =
∑
j
ln
[
ξ
1/2
j + (1− ξj)1/2
]
+
1
2
∑
j
ln
[
ζ2j + (1− ζj)2
]
, (78)
where ζj and ξj are eigenvalues of the original correlation matrixC (72) and the transformed matrix
CΞ (76), respectively.
For numerical purposes, we choose t = 1 and setµ = 0 in the lattice Hamiltonian (8). In Fig. 5,
we compute the logarithmic negativity for two adjacent intervals (Fig. 2(c)). The analytical results
(solid lines) and lattice calculations (points) match over a range of temperatures and interval lengths.
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Figure 6: The logarithmic negativity of the bipartite geometry for one interval in the semi-infinite line
(Fig. 2(b)). (a) The subsystem size ` = 20 is fixed, while T is varied for different total system sizes L.
The initial plateau is due to finite length of chain. (b) The total system size is fixed, while T is varied for
different subsystem sizes `. Absence of sudden death in the fermionic negativity is evident. The dashed
vertical line indicates the point at which the continuum limit expression (10) starts to become negative.
As we see in Fig. 5(a), the negativity saturates, i.e., obeys an area law, at any finite temperature once
` 1/T . This means that at finite temperatures the quantum coherence can only be maintained for
length scales of order β = 1/T , beyond which thermal fluctuations completely wash it out. Another
interesting point is the collapse of high-temperature negativity for various values of ` and T onto
the universal curve (56) as shown by the inset of Fig. 5(a). We also observe that the negativity
curves (e.g., Fig. 5(b)) generically start off with a plateau at low temperatures. This corresponds
to the limit T  1/L when the temperature is less than the finite-size gap (∼ 1/L) in the energy
spectrum and the system behaves as if it is at the zero temperature. Figure 6(a) illustrates this finite-
size effect, where the negativity remains a plateau until some temperature, and then it falls off. The
onset of decay (length of the finite-size plateau) is decreased as we make the system larger.
Next, we look at the high temperature limit in Fig. 6(b), where we observe that the fermionic
logarithmic negativity decays to zero smoothly without any sudden death, as opposed to the bosonic
case [29]. We believe that this is related to the fermion-number parity constraint on the fermionic
density matrices [78]. In Appendix D, we explicitly show in a system of two fermionic sites how this
constraint limits the form of density matrix and modifies the notion of separability, which ultimately
lead to the absence of sudden death. Further, it is evident that for high temperatures and at a fixed
`, the continuum limit Eq. (71) is valid only until we reach the lattice scale (i.e., as long as β  a).
An important implication of Eqs. (9) and (10) for the logarithmic negativity of the bipartite
geometries (c.f., Fig. 2(a) and (b)) is that the entanglement difference E(T ) − E(0) is a universal
function of pi`T . We verify this behavior in Fig. 7 by looking at various interval sizes and showing
that they all collapse on the same curve. For reference, we also plotted the analytical expressions
(69) and (71).
4. Free fermions in higher dimensions
In this section, we would like to extend our result for the finite-temperature entanglement negativity
of one-dimensional metals to higher dimensions. Our idea is motivated by similar results discussed
Finite-temperature entanglement negativity of free fermions 20
0 1 2 3 4
⇡`T
 1.0
 0.8
 0.6
 0.4
 0.2
0.0
E(
T
)
 
E(
T
=
0)
` = 10
` = 20
` = 30
Cont.
0.00 0.03 0.06
T
 1.2
 0.8
 0.4
0.0
0 1 2 3 4
⇡`T
 0.8
 0.6
 0.4
 0.2
0.0
E(
T
)
 
E(
T
=
0)
` = 10
` = 20
` = 30
Cont.
0.00 0.03 0.06
T
 0.8
 0.4
0.0(a) (b)
Figure 7: The collapse of logarithmic negativity of the bipartite geometry on universal curves. (a) One
interval in the infinite line (Fig. 2(a)). (b) One interval in the semi-infinite line (Fig. 2(b)). In each panel,
the inset shows the E against temperature (without scaling). This is to be compared with the universal
curve when the horizontal axis is normalized as pi`T . Here, the numerics are done for the free fermion
lattice model with L = 400.
by Swingle [14, 18] for generalizing entanglement entropies to higher dimensional Fermi surfaces.
The general result for the zero-temperature is as follows: the Re´nyi entanglement entropy of a
subregion of size ` for a (d+ 1) metallic system with a codimension one Fermi surface is [10],
Sn(`) = Cd(µ)
(
n+ 1
6n
)
`d−1 ln `, (79)
where
Cd(µ) =
1
4(2pi)d−1
∫
∂Ω
∫
∂Γ(µ)
dSkdSx|nx · nk|, (80)
Ω is the volume of the subregion normalized to one, Γ(µ) is the volume enclosed by the Fermi
surface, and the integration is carried out over the surface of both domains.
In particular, the entanglement entropy of a two dimensional metal reads as
Sn(`) =
(
n+ 1
6n
)
C2(µ) · ` ln `. (81)
The filled Fermi surface of a two dimensional metal may be viewed as a collection of one
dimensional gapless modes [98, 99, 100] and the entanglement can be understood as a sum of 1D
segments (` of them) each of which contributes (n + 1)/6n · ln(`) up to a geometrical coefficient
(80). The above formula was shown to be in a remarkable agreement with numerical simulations
of various microscopic lattice models [12, 11]. As we have seen for a one-dimensional metal, the
finite temperature Re´nyi entropy has the same form as the zero temperature entropy provided that
we replace ln(`) by ln[(β/pi) sinh(pi`/β)]. Hence, we can follow the same lines of argument as
those we use for the zero temperature to deduce that the Re´nyi entropy of a two-dimensional metal
should obey the following form [14, 18],
Sn(`, T ) =
(
n+ 1
6n
)
C2(µ) · ` ln
∣∣∣∣ βpia sinh
(
pi`
β
)∣∣∣∣ . (82)
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E = C(µ) ` ln `+ · · ·
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Figure 8: The logarithmic negativity of the bipartite geometry on the 2d square lattice. (a) The slope
of zero-temperature negativity as a function of chemical potential. The solid line is the continuum
expression (85). Here, we carry out numerics for the infinite size system and the slope is found for E vs.
` over the range 40 ≤ ` ≤ 80. (b) Finite temperature negativity as a function of rescaled (dimensionless)
temperature. The solid lines are Eq. (83) which are shifted vertically to fit the low-temperature value.
The system size is 30× 30.
Let us now consider the bipartite logarithmic negativity. By a similar reasoning, we expect
that the two dimensional negativity should obey the same form in terms of the one dimensional
negativity. So, for finite temperature negativity we can write
E(`, T ) = C2(µ) · `
2
[
ln
(
β
pia
sinh
(
pi`
β
))
− pi`
β
]
. (83)
We should note that the bipartite logarithmic negativity is equal to the 1/2-Re´nyi entropy at zero
temperature. However, there is an important difference between the logarithmic negativity and
the Re´nyi entropy. Entanglement negativity has an extra term linear in ` inside the parenthesis
compared to the 1/2-Re´nyi entropy and this term exactly cancels the volume law term in the high
temperature limit, i.e., the entanglement negativity obeys an area law E(`T  1) ∝ ` ln(β/pia)
while Re´nyi entropy grows as a volume law.
4.1. Numerical results
A canonical model to benchmark two-dimensional entropies is a simple tight-binding model on a
2d square lattice described by the Hamiltonian,
Hˆ = −
∑
x,ei
[f †x+eifx + f
†
xfx+ei ]− µ
∑
x
f †xfx. (84)
The zero-temperature Re`nyi negativities of this model for various tripartite geometries have been
studied in [74]. The geometric coefficient in the entanglement entropy (80) of a square segment is
found to be
C2(µ) =
2
pi
[
pi − cos−1(µ
2
+ 1)
]
. (85)
The bipartite entanglement negativity of a square subregion is computed in Fig. 8. As mentioned,
the zero-temperature negativity is the same as 1/2-Re´nyi entropy and we confirm in Fig. 8(a) that
Finite-temperature entanglement negativity of free fermions 22
it obeys Eq. (81) over a wide range of chemical potential. The agreement between the numerically
computed negativity at finite temperature and analytical results in the continuum limit (83) is shown
in Fig. 8(b).
5. Conclusions
In summary, we study the entanglement negativity of free fermions with a Fermi surface of
codimension one. We observe that there are two temperature regimes which are defined by the
ratio Lβ/L of the length scale associated with the thermal fluctuations Lβ = ~vF/kBT to the
system size L. We find that the leading order term in the negativity (irrespective of dimensionality)
consists of two kinds of contributions: a logarithmic term and a linear term (volume law) in system
size. The logarithmic term is simplified to the usual logarithmic violation of area law at zero (and
low) temperature, while it becomes a volume law at high temperatures (when Lβ  L). It is
interesting that these two contributions cancel each other at high temperatures which implies that
the entanglement negativity asymptotically obeys an area law E ∝ Ld−1 lnLβ . The area law can
be understood in a qualitative picture where the entanglement comes exclusively from a strip of
width Lβ along the entanglement cut. Overall, the decaying behavior of the negativity coincides
with the fact that although finite temperature states of quantum systems are highly correlated, these
correlations are mostly due to thermal fluctuations and do not include any amount of quantum
entanglement. In other words, it indicates the very characteristic of the logarithmic negativity as
a measure of quantum entanglement. Moreover, this property of the negativity is in stark contrast
with the entanglement entropies such the von Neumann and Re´nyi entropies where there is only the
logarithmic contribution which eventually turns into a volume law at high temperatures.
The above observation suggests that the entanglement negativity could shed light on the
quantum-to-classical crossover [101] as the temperature is increased. The cross-over temperature
can then be studied in various phases of a given phase diagram away from the critical point.
For example, one direction could be to investigate the finite-temperature states of Hamiltonians
which have symmetry protected topological phases or topological order as their ground states.
The question is to what extent the entanglement properties of such phases survive at non-zero
temperatures. Along the same line, it would also be interesting to use the current framework and
study massive quantum field theories [82] at finite temperatures. Out-of-equilibrium dynamics
[30, 83, 84, 85] of fermions is another interesting avenue for research.
Throughout all numerical simulations of fermionic systems in this paper, we have not
experienced any sudden death in the entanglement negativity. For a system of two fermionic
site, we provide an explanation based on the modified separability criterion for fermionic density
matrices. We expect (but not argue) that the absence of sudden death carries through all fermionic
systems with generic hopping terms [78]. A rigorous proof of the absence of sudden death in
the entanglement negativity of a generic extended fermionic system with many sites or a counter
example in which sudden death is observed could in principle be very enlightening.
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Appendix A. Full expansion of Re´nyi entropy and negativity
As mentioned in the main text, the flux vortices in the decomposition of the Re´nyi entropies (or
negativities) into decoupled spacetime sheets are defined modulo 2pi. Here, we explain how to find
the leading order term out of all possible flux vorticities.
Let us discuss this expansion for a generic case. Suppose we have a partition function on a
multi-sheet geometry (for either Re´nyi entropy or negativity) Sn. We consider a decomposition of
this quantity after diagonalizing the twist matrices as in
Sn =
∑
k
lnZk, (A.1)
where Zk is the partition function in the presence of 2p flux vortices corresponding to the two ends
of p intervals defined between a pair of points u2i−1 and u2i,
Zk =
〈
ei
∫
Ak,µj
µ
k d
2x
〉
, (A.2)
in which
µν∂νAk,µ(x) = 2pi
2p∑
i=1
νk,iδ(x− ui) . (A.3)
and 2piνk,i is vorticity of gauge flux determined by the eigenvalues of the twist matrix. The
vorticities satisfy the neutrality condition
∑
i νk,i = 0 for every k. We observe that an arbitrary
multiple of 2pi flux can be added to each vortex without changing the resulting partition function.
In other words, there are several representations of the partition function Zk. In order to obtain
the asymptotic behavior, one needs to take the sum over all the representations (i.e., flux vorticities
mod 2pi),
Z˜k =
∑
{mi}
Z
(m)
k (A.4)
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where {mi} is a set of integers and
Z
(m)
k =
〈
ei
∫
A
(m)
k,µ j
µ
k d
2x
〉
, (A.5)
is the partition function for the following fluxes,
µν∂νA
(m)
k,µ (x) = 2pi
2p∑
i=1
ν˜k,iδ(x− ui), (A.6)
and ν˜k,i = νk,i + mi are shifted flux vorticities. The neutrality condition implies that
∑
imi = 0.
Using the bosonization technique, we may write
Z
(m)
k = E{mi}
∏
i<j
1
|ui − uj|−2ν˜k,iν˜k,j (A.7)
in which E{mi} is a constant depending on cutoff and microscopic details in the case of lattice
models. To see the leading order term in the thermodynamic limit ` → ∞, we look at the scaling
dimensions of each term,
Zk ∼
∑
{mi}
E{mi}
`−2
∑
i<j ν˜k,iν˜k,j
(A.8)
=
∑
{mi}
E{mi}
`
∑
i ν˜
2
k,i
(A.9)
where ` is a length scale and we make use of the identity −2∑i<j ν˜k,iν˜k,j = ∑i ν˜2k,i. From
this expansion, the leading order term in the limit ` → ∞ is the one(s) which minimizes the
quantity
∑
i ν˜
2
k,i, i.e. the sum of squares. This is the same condition as what one gets from the
generalized Fisher-Hartwig conjecture [102, 103]. This point was also highlighted in previous
studies [93, 94, 95].
Appendix B. Fermionic partial transpose at finite temperature
We consider a general form of quadratic Hamiltonians,
Hˆ =
∑
i,j
tijf
†
i fj + ∆ijf
†
i f
†
j + H.c. (B.1)
The reduced density matrix of such Hamiltonians can also be recast in a quadratic form
ρ =
e−HˆE
Z (B.2)
where the entanglement Hamiltonian is HˆE =
∑
i,j h
1
ijf
†
i fj + h
2
ijf
†
i f
†
j + H.c. and Z is the
normalization factor. Similar to the zero-temperature limit, the eigenvalues of HˆE can be found
in terms of generalized Green function which includes the pairing
Gij =
(
1− [CT]ij [F †]ij
Fij Cij
)
, (B.3)
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where
Cij = 〈f †i fj〉 = Tr(e−βHˆf †i fj), (B.4)
Fij = 〈f †i f †j 〉 = Tr(e−βHˆf †i f †j ), (B.5)
are the thermal two-body correlators and the particle-hole correlators, respectively. The rest of
the procedure to construct the partially transposed density matrix is identical to that of the zero-
temperature, as explained in Ref. [66]
Appendix C. Definition of the theta functions
The Jacobi theta functions in the main text are given by
ϑ1(z|τ) = 2epiiτ/4 sin(piz)
∞∏
n=1
(1− qn)(1− yqn)(1− y−1qn), (C.1)
ϑ2(z|τ) = 2epiiτ/4 cos(piz)
∞∏
n=1
(1− qn)(1 + yqn)(1 + y−1qn), (C.2)
ϑ3(z|τ) =
∞∏
n=1
(1− qn)(1 + yqn−1/2)(1 + y−1qn−1/2), (C.3)
ϑ4(z|τ) =
∞∏
n=1
(1− qn)(1− yqn−1/2)(1− y−1qn−1/2) , (C.4)
where y = e2piiz and q = e2piiτ .
Appendix D. Absence of sudden death in a system of two fermionic modes
In this appendix, we give a basic example of free fermions on a two-site lattice model and explain
why entanglement negativity does not have a sudden death at finite temperatures. As a reference, we
compute the bosonic partial transpose of fermionic density matrix and find that the corresponding
negativity does show a sudden death. As we will see, the sudden death observed in the latter does
not have any physical meaning in the fermionic language and is merely due to the wrong choice of
definition.
A two-site lattice model is described by the Hamiltonian
Hˆ = −∆(f †1f2 + f †2f1), (D.1)
where ∆ is the tunneling amplitude. The Hilbert space is four-dimensional composed of the vacuum
state |00〉 ≡ |0〉 , singly occupied states |10〉 = f †1 |0〉 , |01〉 = f †2 |0〉 , and a doubly occupied state
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|11〉 = f †1f †2 |0〉. The eigen-spectrum is given by
|Ψ1〉 = 1√
2
(f †1 + f
†
2) |0〉 , 1 = −∆,
|Ψ2〉 = |0〉 , 2 = 0,
|Ψ3〉 = f †1f †2 |0〉 , 3 = 0,
|Ψ4〉 = 1√
2
(f †1 − f †2) |0〉 , 4 = ∆. (D.2)
The thermal density matrix in the basis {|00〉 , |10〉 , |01〉 , |11〉} can be found easily
ρ = e−βHˆ =
1
Z

1 0 0 0
0 cosh(β∆) sinh(β∆) 0
0 sinh(β∆) cosh(β∆) 0
0 0 0 1
 (D.3)
where the normalization factor is Z = 2 + 2 cosh(β∆). We first show the inefficiency of the von-
Neumann or Re´nyi entropies at finite temperatures. The reduced density matrix for A1 subsystem
is found to be ρA1 = I2 . Hence, any entanglement measure is independent of temperature, even in
high temperature limit. This clearly does not make any sense. Let us now take the bosonic partial
transpose (2) of the density matrix
ρT
b
1 =
1
Z

1 0 0 sinh(β∆)
0 cosh(β∆) 0 0
0 0 cosh(β∆) 0
sinh(β∆) 0 0 1
 . (D.4)
The singular values {λi} of ρTb1 areZ−1{cosh(β∆), cosh(β∆), 1+sinh(β∆), 1−sinh(β∆)}. Note
that at low temperatures T  ∆ and as long as λ4 < 0, we get non-zero entanglement negativity
E > 0. However, above a critical temperature T > TSD all singular values become positive and the
entanglement negativity vanishes. This is called a “sudden death” [29, 31, 104]. In this case, TSD
is found to be
TSD =
∆
ln(
√
2 + 1)
. (D.5)
Taking the fermionic partial transpose (6) leads to the matrix
ρT1 =
1
Z

1 0 0 i sinh(β∆)
0 cosh(β∆) 0 0
0 0 cosh(β∆) 0
i sinh(β∆) 0 0 1
 , (D.6)
with a four-fold degenerate singular values λ = cosh(β∆)/Z . Therefore, the entanglement
negativity associated with this density matrix becomes E = ln(4λ) which asymptotically vanishes
at high temperatures with no sudden death.
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To understand the sudden suppression of the negativity in the bosonic partial transpose for
T ≥ TSD, let us write an explicit expansion for the density matrix. The general form of density
matrix of two qubits is given by [105],
ρ =
1
2
3∑
i=1
|ti|
[
(I− σi)A1
2
⊗ (I− sign(ti)σi)A2
2
+
(I+ σi)A1
2
⊗ (I+ sign(ti)σi)A2
2
]
+
1
4
(
1−
3∑
i=1
|ti|
)
IA1 ⊗ IA2 , (D.7)
where ti ∈ R. For the purpose of discussion, let us remind ourselves the separability condition of
density matrices. A state is called separable, if it can be decomposed as
ρsep =
∑
j
wjρ
1
j ⊗ ρ2j , (D.8)
where wj are real positive coefficients and ρ1j and ρ2j are density matrices acting on the sub-Hilbert
spacesH1 andH2, respectively. It is easy to see that the logarithmic negativity of a separable state
is zero.
As mentioned, all the coefficients wj are positive in a separable state, which in the case of
Eq. (D.7) implies
∑3
i=1 |ti| ≤ 1. Using the density matrix (D.3), we get
t1 = t2 =
sinh(β∆)
1 + cosh(β∆)
, t3 =
1− cosh(β∆)
1 + cosh(β∆)
. (D.9)
Therefore, the separability condition leads to the inequality
2 sinh(β∆) + |1− cosh(β∆)| ≤ 1 + cosh(β∆), (D.10)
which can be simplified into sinh(β∆) ≤ 1. This inequality in turn gives rise to the same inequality
T ≥ TSD as found earlier. This observation means that ρ is separable in the bosonic formalism.
However, the density matrices I±σx = 1± (f + f †) are not legitimate fermionic density matrices,
because they violate fermion-number parity symmetry. Hence, ρ is not separable in the fermionic
formalism. This example suggests that the absence of sudden death in the fermionic negativity
originates from the fermion-number parity constraint on density matrices.
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